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We study the interplay of spin, orbital and lattie degrees of freedom in a one-dimensional Kugel-
Khomskii model oupled to phonons. In the viinity of the dimer point we analyze the exitation
spetrum, mapping the spin and orbital degrees of freedom to bond operators. In partiular we
study the renormalization of the phonon propagator due to oupling to the orbital and magneti
exitations. Considering both, ferro- and antiferro-orbital ordering we will show that the appear-
ane of orbiton shake-up proesses in the phonon spetrum is sensitive to the type of Jahn-Teller
distortion. The relevane of our results for optial spetrosopy on low dimensional transition metal
ompounds will be disussed.
I. INTRODUCTION
Orbital ordering in three dimensions (3D) is a well es-
tablished phenomenon in a variety of transition-metal
ompounds
1
. Very reently, quasi one-dimensional
(1D) systems with potentially similar behavior, suh as
Na2Ti2Sb2O
2
and NaTiSi2O6
3
have attrated onsider-
able interest. In these systems the oupling of orbital de-
grees of freedom to those of the spin and probably also to
the lattie have been suggested to lead to a rih variety of
possible phases and non-trivial elementary exitations
4
.
In priniple the orbitally ordered state will allow for ele-
mentary exitations of orbital nature, i.e. orbitons. How-
ever, while their existene has been predited more than
two deades ago
5
it has been only very reently that an
indiret observation of orbitons in 3D has been laimed
in shake-up side-bands of Raman-ative phonon spetra
in LaMnO3
6
. This observation underlines the relevane
of a simultaneous desription of orbital and lattie de-
grees of freedom. Unfortunately however, for quasi 1D
materials this is still an open issue. It is the aim of this
work to investigate the phonon spetra of a 1D model
of mixed orbital and spin degrees of freedom by inves-
tigating its harmoni lattie dynamis in the viinity of
two speially hosen Jahn-Teller (JT) distortions. The
outline of the paper is as follows. In setion I we disuss
the 1D spin-orbital Hamiltonian and its exitations us-
ing a bond-operator method lose to the so-alled dimer
line. Setions II and III will fous on the phonon-spetra
whih form in the presene of a frozen-in, either ferro-
or antiferro-orbital JT distortions. Conlusions will be
presented in the nal setion IV. Tehnial details are
deferred to appendies A through D.
II. BOND-OPERATOR DESCRIPTION OF THE
1D KUGEL-KHOMSKII MODEL
In this setion, and prior to disussing their eet on
the lattie dynamis we develop a desription of the or-
bital and spin exitations. In the limit of strong Coulomb
repulsion, orbital degeneray in the Hubbard model an
be desribed in terms of a pseudo-spin model, as was
shown several deades ago by Kugel and Khomskii
5
. In
1D and for a two-fold orbital degeneray at 1/4-lling
this leads to the Hamiltonian of a magneti spin-1/2
hain oupled to an orbital pseudo-spin-1/2 hain by bi-
quadrati interations
H =J1
∑
n
SαnS
α
n+1 + J2
∑
n
(
Tαn T
α
n+1 +AT
z
nT
z
n+1
)
+K
∑
n
SαnS
α
n+1
(
T γnT
γ
n+1 +BT
z
nT
z
n+1
) (1)
where, apart from the spin-1/2 operator Sn, a pseudo
spin-1/2 variable Tn with T
z
n = ±1/2 orresponding to
the orbital degrees of freedom is attahed to eah site
'n'. Summation over the spin indies α = x, y, z and
γ = x, y, z is implied. In the remainder of this paper
energies will be given in units of K.
The quantum phase diagram of (1) has been the sub-
jet of intense researh
4,7,8,9,10,11
. For J1, J2 > 1/4 its
spetrum is believed to be massive
7
. At J1=J2=1/4
and A=B=0 the model has SU(4) symmetry and is
integrable
4
. Along the 'dimer line' J1=(3+A)/4, J2=3/4
with −2 < A <∞ it displays a two-fold degenerate, fully
dimerized ground state. At the 'dimer point' J1=J2=3/4
this ground state an be expressed as a diret matrix-
produt of alternating spin and orbital singlets with an
energy gap of ∆ ∼ 0.3757,9,11. Exatly on the dimer
line the elementary exitations are massive solitons, i.e.
domain walls between the two-fold degenerate ground-
states. However, o from the dimer-line the latter readily
bind to form generalized gapful triplet-modes
9
.
Prior to inluding the eets of a JT-distortion
we now reformulate (1) in terms of bosoni bond-
operators
12,13,14
. This allows for an approximate desrip-
tion of the formation of the spin and orbital singlets in
the ground state of the dimer phase
Sα1
2
,n =
1
2
(±s†ntα,n ± t
†
α,nsn − iǫαβγt
†
β,ntγ,n)
Tα1
2
,n =
1
2
(±σ†nτα,n ± τ
†
α,nσn − iǫαβγτ
†
β,nτγ,n)
(2)
2SS
TT 2,n
2,n1,n
1,n
n n+1
n+1n
J2
J1K
Figure 1: Dimer representation of the spin-orbital hain. n
labels the dimer, the index 1, 2 the site on a dimer. On eah
site on the upper (lower) hain sits one spin Si,n (pseudo-spin
Ti,n i.e.orbital degree of freedom) respetively.
where s(σ)
(†)
n and t(τ)
(†)
n reate/destroy spin(orbital) sin-
glets and triplets and the index 1(2) labels the left (right)
site of the dimer n in Fig. 1. Bose operators labeled by
roman letters refer to spin spae, while greek ones refer
to orbital spae. The bond-operators have to satisfy
s(σ)†ns(σ)n + t(τ)
†
α,nt(τ)α,n = 1 (3)
whih implies the onstraint of no double-oupany of
the bonds by singlets or triplets.
Inserting (2) into (1) an interating Bose gas is ob-
tained. In the limit of strong dimerization one may pro-
eed with the latter by invoking the Holstein-Primako
(LHP) approximation
12,14
. I.e. the singlets are re-
moved using (3) and assuming s(†) and σ(†) to be C-
numbers. This is onsistent with a ondensation of the
singlets in the ground state, i.e. the formation of a
dimer state. The proedure leads to square roots of
type s(†)(σ(†)) = [1 − t(τ)†α,nt(τ)α,n]
1/2
whih, approx-
imately, may be linearized to retain triplet interations
up to quarti order. Sine we are interested in the eets
of mutual interations between the orbital and magneti
setor we simplify even further, by keeping those inter-
ations whih mix the orbital and magneti triplets, but
disarding quarti terms of purely orbital or magneti
nature. After some algebra we nd a quadrati part of
the Hamiltonian
H0 = −
N
4
[3 (J1 + J2) + J2A]
+
∑
n,m,i,j
Φ∗n,iM
ij
n,mΦm,j (4)
with Φn = (t
†
α,n, tα,n, τ
†
x,y,n, τx,y,n, τ
†
z,n, τz,n) and again
α = x, y, z. n and m label dimers and i and j the ompo-
nents of Φ∗ and Φ. The matrix elements M ijn,m are given
in Appendix A. We note, that on the quadrati level no
mixing ours between the spin and orbital triplets. For
the quarti spin-orbital interations we get
HSO = −
1
4
∑
n
{[
τ†z,nτz,n +
(
1 +
B
2
)
τ†β,nτβ,n
]
×
(
t†α,n−1tα,n + t
†
α,n−1t
†
α,n + h.c.
)}
−
1
4
(1 +B)
∑
n
[
t†α,ntα,n× (5)(
τ†z,n−1τz,n + τ
†
z,n−1τ
†
z,n + h.c.
)]
−
1
4
∑
n
t†α,ntα,n
(
τ†β,n−1τβ,n + τ
†
β,n−1τ
†
β,n + h.c.
)
with β = x, y. The quadrati part H0 an be diagonal-
ized by Fourier- and Bogoliubov transformation leading
to dispersions
HLHP =
∑
k,α,x
ωx,kx
†
k,αxk,α (6)
ωx,k = χ1,x [χ2,x + χ3,x cos (k)]
1
2 , (7)
where x = a, c label new quasi-partiles of purely spin
(a) and orbital (c) nature with t†α,k = uka
†
α,k + vkaα,−k
and τ†α,k = gkc
†
α,k +hkcα,−k. Expliit expressions for the
dispersions ωx,k, the Bogoliubov oeients, and χi,x are
listed in Appendix B. After Fourier-transformation the
spin-orbital interation HSO reads
15
HSO =
∑
k,k′,q
[
a†α,k′−qa
†
α,−k′
×
(
V 1,γk,k′,qc
†
γ,k+qc
†
γ,−k + V
2,γ
k,k′,qc
†
γ,k+qcγ,k
)
+ h.c.
]
+
∑
k,k′,q
[
a†α,k′−qaα,k′ (8)
×
(
V 3,γk,k′,qc
†
γ,k+qc
†
γ,−k + V
4,γ
k,k′,qc
†
γ,k+qcγ,k
)
+ h.c.
]
,
where γ = x, y, z and the V i,γk,k′,q are rather lengthy ex-
pressions given in Appendix D.
At the points of omplete dimerization and in a pure
spin system the bond-boson desription is haraterized
by a vanishing of the inter-dimer oupling. This is not the
ase in the spin-orbital hain, i.e., even at the dimer-point
J1,2=3/4, the matrix elements V
i,γ
k,k′,q do not vanish and
the sum of (4) and (8) remains a non-trivial interating
problem. In turn, spin-triplets an exite orbital-triplets
by virtue of HSO and vie versa. For an approximate a-
ount of the resulting renormalization of the one partile
exitations, we inlude the eets of V i,γk,k′,q perturbatively
up to seond order in the self energy. The one partile
exitations result form the poles of the matrix Green's
funtion
Gν =
(
Gν,11 Gν,12
Gν,21 Gν,22
)
= G0ν +G
0
νΣνGν , (9)
where the seond index-pair refers to normal (11 and 22)
and anomalous (12 and 21) propagators for partiles of
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Figure 2: Self energy of the spin and orbital triplet Green's
funtions. (a) Σax,y,z (k, ω) (b) Σcz (k, ω) () Σcx,y (k, ω). Full
lines denote G0ax,y,z (k, ω), dashed lines G
0
cz (k, ω) and dotted
lines G0cx,y (k, ω).
type ν, where ν = ax,y,z or ν = cx,y,z labels spin or or-
bital triplets. Beause G
0
ν is alulated from HLHP it is
diagonal, i.e. G0ν,12 = G
0
ν,21 = 0. For the non-diagonal
elements of Gν this does not apply beause the matrix-
self energy Σν is not diagonal. Fig. 2 depits all ontri-
butions to Σν up to seond order, where eah diagram
ours with both, an inoming and an outgoing propaga-
tor on either side, i.e. suh that the self energy orre-
tions an be written in terms of a 2× 2-matrix notation
for eah of the 3 orbital and 3 spin triplets. These dia-
grams show that the spin(orbital) triplet motion is renor-
malized by emission of two orbital(spin) triplets. Earlier
variational alulations, performed in ref. 16 have been
based on a subset onsisting of exatly these intermediate
states. We have evaluated the self energy ontributions of
Fig. 2 numerially. The dressed Green's funtion spe-
trum displays undamped triplet quasi-partiles as well
as a three-partile ontinuum. Close to the dimer point
their respetive spetral ranges are well separated. In
Fig. 3 we show the dispersion of the quasi-partiles only.
For omparison this gure ontains omplementary data
form exat diagonalization(ED)
16
. Firstly, within a nite
range of momenta around the zone enter and apart from
a global relative shift of the spetra by ∼ 0.1, reasonable
agreement an be observed for the low-energy exitations,
i.e. the τz orbital-triplets. Seondly, with respet to the
LHP, inlusion of the self-energy from Fig. 2 improves the
agreement with ED. Thirdly, lose to the zone boundary
the ED spetrum refers to the lower edge of the orbital
two-soliton ontinuum, rather than the orbital triplet,
i.e. the two-soliton bound-state
16
. This two-soliton on-
tinuum is laking in the approximate bond-operator ap-
proah.
0 2pipi
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Figure 3: Self energy orreted triplet dispersions of the spin-
orbital hain. Full lines: spin triplets with (thik line) and
without (thin line) self-energy orretions. Dashed line: or-
bital z-triplets. Dot-dashed line: orbital x, y triplets. The
dotted line show the border of the multi-soliton ontinuum
16
.
The symbols denote the spin and orbital triplet energies ob-
tained by exat diagonalization studies (Lanzos) for a system
of the length 12 (rungs)
16
. ED momenta have been bak-
folded into the dimerized Brillouine.
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Figure 4: Chosen phonon modes. a) transverse distortion
leading to antiferro-orbital ordering and b) longitudinal dis-
tortion leading to ferro-orbital ordering. The loops labeled
orbital one/two denote the 3dyz/3dzx orbital respetively.
The hathed irles symbolize super-exhange orbitals of p-
symmetry. Also shown is the stati distortion Q. The dier-
ent size of the orbitals denote the dierent Coulomb repulsion
by eletrons belonging to neighboring atoms: the larger an or-
bital is drawn, the lower is its energy.
III. LATTICE DYNAMICS
We are now in a position to onsider the phonon-
renormalization due to orbital and spin exitations. To
this end two steps are required. Firstly, the equilibrium
struture of the lattie in the orbitally ordered ground
state has to be laried. Seondly, the lattie dynam-
is has to be evaluated. The rst step is spei to
the material. Here we fous on a situation ompatible
with Na2Ti2Sb2O where the 3dyz/zx-orbitals form the
1D hain-strutures, shown in Fig. 4
2,17
. Several stati
Jahn-Teller-type distortions ould be envisaged lifting
the orbital degeneray. In the remainder of this paper we
4(b) longitudinal distortion
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Figure 5: Self energy of the phonon propagator with (a)
transverse and (b) longitudinal distortion. As in Fig. 2 full
lines denote G0ax,y,z (k, ω), dashed lines G
0
cz (k, ω) and dotted
lines G0cx,y(k, ω). Note, that G
0
cz (k, ω) is alulated with the
shifted τ˜
(†)
z,k (see eq. 12) instead of the pure τ
(†)
, that was
used in the alulations without any distortion. The expliit
expressions for the dierent V i,z
k,k′,q
, i = 1, 2 and V jk,q, j = 1, 4
are given in appendix D.
onne the disussion to the homogeneous ferro(or longi-
tudinal)- and antiferro(or transverse)-orbital stati and
dynami distortion (.f. Fig. 4a) and b)). The phonon-
orbiton ontribution to the Hamiltonian for both of Fig.
4a) and b) reads
Hphon =
∑
n
(
Q+ J3
(
b†n + bn
)) (
T z1,n ± T
z
2,n
)
+ωb,kb
†
kbk, .
(10)
Both phonon modes ouple to the z-omponent of the
orbital pseudo-spin operator T , where '−' and '+' refer
to the transverse, i.e. Fig. 4a), and longitudinal, i.e.
Fig. 4b), phonon mode. Q aounts for the stati Jahn-
Teller distortion, b
(†)
n(k) are phonon destrution(reation)
operators at site(momentum) n (k) and ωb,k is the bare
phonon dispersion.
A. Transverse distortion
First we onsider the transverse mode of Fig. 4a), as-
soiated with antiferro-orbital ordering (AF-OO). In this
ase the eletrons on two neighboring sites oupy alter-
nating orbitals. Expressing T z1 and T
z
2 in terms of bond-
operators and after Fourier transformation (10) reads:
Hphontrans =
∑
k
Q(τz,0 + τ
†
z,0)︸ ︷︷ ︸
a)
+J3(b
†
kτz,k + b−kτz,k + h.c.)︸ ︷︷ ︸
b)
+ωb,kb
†
kbk ,
(11)
with a total Hamiltonian of H = HLHP +HSO+H
phon
trans.
The ontribution linear in τz,0 resulting from the stati
distortion, i.e. a) in (11), an be eliminated by realizing
thatHLHP is quadrati in τ
(†)
z,k and by invoking a onstant
shift of the latter operators through:
τ
(†)
z,k → τ˜
(†)
z,k −
Qδk,0(
1 + J2 −
(
J2 −
3
4 + J2A−
3
4B
)
cos k
) .
(12)
On the level of the LHP this does not modify the τz-
dispersion. However, inserting (12) into HSO of (5), new
hopping terms for the spin triplets are generated modi-
fying their dispersion. Moreover, additional three-triplet
verties our, beause of whih orbital triplets now ou-
ple to a two-spin-triplet-ontinuum. These new terms
read
HnewSO =
∑
k,q
V 1k,q(c
†
z,ka
†
x,y,z,qa
†
x,y,z,−k−q +
+ c†z,−kax,y,z,−qax,y,z,k+q + h.c.)
+
∑
k,q
V 2k,q(c
†
z,ka
†
x,y,z,qax,y,z,k+q + h.c.) (13)
They lead to additional self-energy ontributions for the
Green's funtion of the orbital triplets whih have to be
inluded in the phononi self-energy beause of the ou-
pling of the orbital triplets to the phonons. Expliit ex-
pressions for the resulting spin-triplet dispersion ω˜γ,k on
the quadrati level, as well as the matrix elements V ik,q
with i = 1, 2 of this new spin-orbital interation are given
in appendix C and appendix D, respetively. In Fig. 6
we show ω˜γ,k for various values of Q at the dimer point.
As is obvious, the stati Jahn-Teller distortion leads to a
nite triplet dispersion.
To evaluate the phonon propagatorGbk,b†k
(k, ω) we use
the Dyson equation (9) with the self energy depited in
Fig. 5. This inludes orretions up to seond order in
the phonon-orbiton-spin interations. The phonon spe-
trum Sb(k, ω) is then dened as
Sb(k, ω) = −
1
π
ImGbk,b†k
(k, ω). (14)
Due to the alternation of the lattie distortion in the
AF-OO ase, i.e. the '+'-sign in (10), there is only a
linear oupling of the phonon to the orbital z-triplets
in (11). Therefore, the dominant renormalization of the
phonon-spetrum is a diret mixing between z-orbitons
and phonons. The remaining self-energy orretions
50 pi−pi 1/2pi−1/2pi
k
0.6
0.8
0
E(
k)/
K
Q=0
Q=0.1
Q=0.2
J1=J2=0.75; A=B=0
Figure 6: Self-energy-orreted spin triplet dispersion without
(full line) and with dierent (dashed and dot-dashed lines)
strength of distortion Q at the dimer point.
0 1 2 3
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450
k=pi
k=7/8pi
k=3/4pi
k=5/8pi
k=1/2pi
k=3/8pi
k=1/4pi
k=1/8pi
k=0
Figure 7: Phonon spetrum Sb(k, ω) at J1 = 1.2, J2 = 0.8,
A = B = 1.5, J3 = 0.35 and ωb = 1, 8 alulated with
η = 0.001. The left peak is the one-orbiton exitation peak,
strongly shifted to lower energies by the distortion of the sys-
tem. Note the peak position without any distortion (thik
blak line). The position of the phonon-energy peak is shown
by up-arrows. Beause it is an undamped pole of the phonon
Green's funtion it is a δ-peak, the height of whih is given for
one example in the gure. Its width is set by the numerial
broadening η. The two-partile ontinuum at ω ≈ 2.0 − 2.2
shows the two van-Hove singularities one expets for a on-
tinuum of two non-interating partiles. At ω ≈ 2.75 − 3.3
one nds the three-partile ontinuum.
whih are shown in Fig. 5(a) lead to two- and three-
partile ontinua.
Figure 7 depits the results of a numerial alula-
tion of the phonon-spetrum. In this gure the bare or-
biton and phonon energies have been hosen to be well
separated, with a phonon-energy above the orbiton one.
First, the spetrum displays two one-partile peaks whih
are simple poles of the phonon Green's funtion, i.e. the
renormalized phonon and orbiton. Their widths are set
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
ω/K
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Figure 8: The phonon peak in the phonon propagator spe-
trum rossing the orbiton energy at the dimer point, i.e.
J1 = J2 = 0.75, A = B = 0 with ωb = (0.6 + 0.4 cos k)
Q = 0.1 and η = 0.001. The dotted line shows ωb as it is set,
while the thik full lines denote the peak position of the two
quasi-partiles. The quasi-partile exitations at k ≈ pi/2 are
mixtures of orbitons and phonons as expeted for interating
partiles.
by an arbitrarily small numerial parameter iη. The bare
phonon energy is momentum independent, i.e. ωb = 1.8.
This energy remains almost unrenormalized, aquiring a
very small dispersion and an upward-shift. The energy
of the orbiton-peak is learly lowered with respet to its
bare position (thik solid line in Fig. 7). This shift in-
reases with inreasingQ, rendering the AF-OO unstable
at suiently large values of the stati distortion. Apart
from the one-partile peaks Fig. 7 displays the anti-
ipated two- and three-partile ontinua. Their relative
weight, as well as the momentum dependene of their
shape - whih exhibits harateristi van-Hove singulari-
ties - is determined by the matrix elements of (8) listed
in appendix D.
For dispersive phonons, a rossing of the bare phonon
and orbiton dispersion may our, where however
phonon-orbiton oupling will lead to level repulsion in
the renormalized spetra as shown in Fig. 8. In that
ase the quasi-partiles in the viinity of k = π/2 orre-
spond to an approximately equal-amplitude mixture with
even and odd parity of orbitons and phonons.
B. Longitudinal distortion
Now we onsider the longitudinal mode of Fig. 4 b),
whih we assoiate with ferro-orbital ordering (F-OO).
After a Fourier and Bogoliubov transformation and in-
serting the bond-boson expression for T z1 and T
z
2 (10)
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Figure 9: Spetrum of the phonon propagator in the system
distorted with the longitudinal distortion. Here the parame-
ters are J1 = 1.2, J2 = 0.8, A = B = 1.5, J3 = 0.3, ωb = 2.7,
Q = 0.1 and η = 0.0001. Note that there is no feature exept
the phonon-peak at k = 0. This means this kind of distortion
will not be seen in spetra of optial experiments.
reads
Hphonlong = −2iQ
∑
k
c†x,kcy,k − c
†
y,kcx,k (15)
+ V 3k,q
(
b†q + b−q
) (
c†x,kcy,k+q − c
†
y,−k−qcx,−k
)
+ V 4k,q
(
b†q + b−q
) (
c†x,kc
†
y,−k−q − cy,k+qcx,−k
)
.
Again the exat expressions for V ik,q with i = 3, 4 are
given in appendix D. This leads to the diagrams shown
in Fig. 5b) for the longitudinal distortion. The ontribu-
tion of (15) whih is stati with respet to the distortion
lifts the degeneray of the orbital x- and y-triplets. This
leads to new triplet operators c1(2),k = +(−) icx,k + cy,k
with an energy-splitting of ∆ωc = 4Q. Yet, to simplify
matters the phonon-propagator is evaluated disarding
this eet, using the Bogoliubov transformed x- and y-
orbital-triplets of (6).
While for the AF-OO a linear oupling of phonons
and orbitons results from (10), the '−'-sign in the lat-
ter eqn. leads to (15), i.e. the deay of phonons into
orbital triplet-pairs in the ase of F-OO. In turn the pri-
mary eet on the phonon spetrum in the F-OO is the
appearane of the a two-orbiton ontinuum. This an be
observed in Fig. 9 whih depits the numerial solution
of the Dyson equation of Fig. 5 b). The spetrum shows
a renormalized simple phonon-pole the width of whih
is set by a numerial broadening of iη = i10−4. The
weak phonon-dispersion observable is an interation ef-
fets, sine the bare phonon has been hosen to be purely
optial. In addition to the renormalized phonon Fig. 9
exhibits a two-orbiton ontinuum, the spetral weight of
whih is more than one order of magnitude larger than for
the AF-OO ase. In the ase of the nite splitting ∆ωc
inluded Fig. 9 would show three superimposed ontinua,
a ase whih we leave to future analysis. As for the AF-
OO the ontinuum shows harateristi van-Hove type
singularities. Most important however, at momentum
k = 0 the spetrum resembles a pure phonon exitation
only. This is aused by a vanishing of the matrix element
V 4k,q at q = 0 (see App. D) and implies that this kind of
distortion will not have any eet on spetra of optial
experiments e.g. Raman-sattering.
IV. CONCLUSION
In onlusion we have studied the interplay of spin, or-
bit and lattie dynamis in a model of an anisotropi spin-
orbital oupled hain in the viinity of the dimer-point.
The spin-orbital setor of this model has been treated
by mapping onto interating bond-bosons with a singlet
ondensate and massive triplet modes. We have analyzed
the lifting of the orbital degeneray for two kinds of dy-
nami Jahn-Teller distortions leading either to antiferro-
or ferro-orbital ordering. Studying the phonon dynam-
is in both ases we have found shake-up sidebands whih
are ritially dependent on the type of distortion. In par-
tiular we have found (no) optial ativity of the phonon
in the transverse (longitudinal) distortion.
Aknowledgment: We thank C. Jureka for stimulat-
ing disussions in the beginning of this work. This re-
searh was supported in part by the DFG, Shwerpunk-
tprogramm 1073.
Appendix A: MATRIX ELEMENTS OF H0
For the matrix elements of the quadrati part of the
Hamiltonian (Eq. 4) one nds M12n,n = J1, M
34
n,n =
J2(1 + A/2), M
56
n,n = J2, M
12
n+1,n = M
21
n+1,n = M
11
n+1,n =
M22n+1,n = −1/4(J1 − 3/4− 1/4B), M
34
n−1,n = M
43
n−1,n =
M33n−1,n = M
44
n−1,n = −1/4(J2 − 3/4) and M
56
n−1,n =
M65n−1,n = M
55
n−1,n = M
66
n−1,n = −1/4(J2(1+A)−3/4(1+
B)). All the other matrix elements are zero.
Appendix B: SPIN AND ORBITAL
TRIPLET-DISPERSIONS AND BOGOLIUBOV
COEFFICIENTS
Here the spin and orbital triplet dispersions after LHP
approximation (7) are given.
ωa,k = J1
[
1−
(
1−
3
4J1
(1 +B)
)
cos k
] 1
2
ωcx,y,k = J2
[(
1 +
A
2
)2
−
(
1 +
A
2
)(
1−
3
4J2
)
cos k
] 1
2
ωcz,k = J2
[
1−
(
1−
3
4J2
(1 +B) +A
)
cos k
] 1
2
(B1)
7The Bogoliubov oeients are dened as
u2k =
1
2
[
1 +
J1 −
1
2 (J1 −
3
4 −
1
4B) cos k
ωγ,k
]
g2k =
1
2
[
1 +
J2 −
1
2 (J2(1 +A)−
3
4 (1 +B)) cos k
ωz,k
]
m2k =
1
2
[
1 +
J2(1 +
A
2 )−
1
2 (J2 −
3
4 ) cos k
ωl,k
]
(B2)
and v2k = u
2
k − 1, h
2
k = g
2
k − 1, n
2
k = m
2
k − 1.
Appendix C: SPIN-TRIPLET DISPERSION FOR
STATIC TRANSVERSAL DISTORTION
For the spin-triplet dispersion ω˜γ,k for the stati
transversal distortion one nds:
ω˜γ,k =
[
−
64Q2(4(1 +B)ukvk + (uk + vk)
2 cos k)
(7 + 3B − 4AJ2)4
+(ωγ,k −
8Q2(2(1 +B)(u2k + v
2
k) + (uk + vk)
2 cos k)
(7 + 3B − 4AJ2)2
)2] 12
.
(C1)
where ωγ,k is the spin triplet dispersion of the undistorted
model and uk and vk are the Bogoliubov-oeients (Ap-
pendix B) of the transformations in (6)
Appendix D: MATRIX ELEMENTS OF THE
SPIN-ORBITAL INTERACTION Hso
For ompleteness the matrix elements of the spin or-
bital interation (8) are listed. Here Tx,y = e
−ix+ei(x−y).
With uk + vk = wk, gk + hk = ik, mk + nk = ok,
ukuk′ + vkvk′ = Wk,k′ , gkgk′ + hkhk′ = Ik,k′ , mkmk′ +
nknk′ = Ok,k′ and 1 +B = B1, 1 +B/2 = B2:
V 1,zk,k′,q = −
1
8
[(2Tk′,q + 2B1T
∗
k,−q)gk+qhkuk′−qvk′
+ Tk′,q(gk+qhkuk′−quk′ + hk+qgkvk′−qvk′)
+ B1T
∗
k,−q(gk+qgkuk′−qvk′ +
+ uk′vk′−qhk+qhk)] (D1)
V 1,x,yk,k′,q = −
1
8
[(2B2Tk′,q + 2T
∗
k,−q)mk+qnkuk′−qvk′
+ B2Tk′,q(mk+qnkuk′−quk′ + nk+qmkvk′−qvk′ )
+ T ∗k,−q(mk+qmkuk′−qvk′ +
+ uk′vk′−qnk+qnk)] (D2)
V 2,zk,k′,q = −
1
8
[Tk′qIk+q,kwk′−qwk′
+ 2B1T
∗
k,−quk′−qvk′ ik+qik] (D3)
V 2,x,yk,k′,q = −
1
8
[B2Tk′qOk+q,kwk′−qwk′
+ 2T ∗k,−quk′−qvk′ok+qok] (D4)
V 3,zk,k′,q = −
1
8
[2Tk,−qgk′−qhk′wk+qwk
+ B1T
∗
k′,qWk+q,kik′−qik′ ] (D5)
V 3,x,yk,k′,q = −
1
8
[B22Tk,−qmk′−qnk′wk+qwk
+ T ∗k′,qWk+q,kok′−qok′ ] (D6)
V 4,zk,k′,q = −
1
4
[(Tk′,q +B1T
∗
k,−q)Ik+q,kWk′,k′−q
+ Tk′,q(uk′−qvk′ + vk′−quk′)Ik+q,k
+ B1T
∗
k,−qWk′−q,k′(gk+qhk + hk+qgk)] (D7)
V 4,x,yk,k′,q = −
1
4
[(Tk′,qB2 + T
∗
k,−q)Ok+q,kWk′,k′−q
+ B2Tk′,q(uk′−qvk′ + vk′−quk′)Ok+q,k
+ T ∗k,−qWk′−q,k′ (mk+qnk + nk+qmk)]. (D8)
The matrix elements of the spin-orbital interation Hso
arising from the shifted orbital triplets are:
V 1k,q =
1
4
F
∑
k,q
[cos q · fk · (Wk,k+q)+
+ (cos q + cos(k + q) + 2(1 +B) · (1 + cos k))×
× (gkuqvk+q + hkvquk+q)] (D9)
V 2k,q =
1
4
F
∑
k,q
[2 cos q · (ik) · (ukvk+q + vquk+q)+
+ (cos q + cos(k + q) · 2 · (1 +B) · (1 + cos k))×
× (ik) · (Wk,k+q)] (D10)
V 3k,q = −2iOk,k+q (D11)
V 4k,q = 2i(mknk+q −mk+qnk) (D12)
where F = Q/((J2 + 4X)ωb,0 + 4J
2
3 ), X = −1/4(J2 −
3/4 + J2A − 3/4B) and uk, vk, gk, hk, mk, nk are the
Bogoliubov-oeients (Appendix B) of the transforma-
tions in (6).
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